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CALCULATION O F  ELOW AROUND THE LOWER SURFACE O F  DELTA WINGS 

AT WIDE ANGLES OF ATTACK 

A. P. Bazzhin 

ABSTRACT 

// 3** 
The method of  i n t e g r a l  r e l a t i o n s  i n  the  f i r s t  approxima- 

of d e l t a  wings streamlined by a supersonic flow of gas a t  

wide angles of a t t ack .  Some ca l cu la t ion  results are 

1. The method of i n t e g r a l  r e l a t ions  has a l ready  been applied t o  t h e  i n -  

ves t iga t ion  of conica l  flow (ref. 1). 

flow near  c i r c u l a r  and e l l i p t i c a l  cones a t  a zero angle of  a t t ack ,  and a c i r -  

The ca l cu la t ions  c i t ed  i n  ref. 1 of t h e  

c u l a r  cone a t  a small angle of a t t ack  (a: = 5O), revealed t h a t  t h e  method w a s  

f a i r l y  r e l i a b l e .  

Beginning a t  some angles of a t tack ,  t h e  ve loc i ty  of t h e  t ransverse  flow on 

t h e  sur face  of a c i r c u l a r  cone becomes supersonic. A p a r t  of t h e  region between 

f 242* 
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t h e  shock wave and t h e  so l id  body i s  occupied by t h e  l o c a l  supersonic zone wi th  

t h e  flow on t h e  upper s ide  of t h e  cone no longer a f f e c t i n g  t h e  flow near i t s  lower 

surf ace. 

It may be assumed, on t h e  bas i s  o f  physical  considerations,  that i n  t h e  

case of an e l l i p t i c a l  cone (with t h e  minor axis of t h e  e l l i p s e  i n  t h e  symmetry 

plane of  t h e  flow), t h e  l o c a l  supersonic zone on t h e  surface of t h e  so l id  body 

w i l l  appear earlier, but w i l l  be localized i n  t h e  apex v i c i n i t y  of t h e  major 

a x i s  of t h e  e l l i p s e  within a wide range of angles of a t t ack .  

I n  t h e  case of an i n f i n i t e  r a t i o  of t h e  e l l i p t i c a l  c ross  sec t ion  axes, 

t h e  cone becomes a f l a t  delta. There are three streamlining conditions o f  such 

a wing. 

nose compression wave becomes attached t o  t h e  f r o n t  edges of t h e  wing. This 

type of flow near t h e  wing i s  discussed i n  d e t a i l  by numerous authors,  pa r t i cu -  

l a r l y  i n  r e f .  2 and ref. 3. 

t h e  nose compression wave leaves  t h e  f r o n t  edges, bu t  remains attached t o  t h e  

pointed top  of t h e  wing. F ina l ly ,  i n  t h e  t h i r d  streamlining condition a t  s t i l l  

g r e a t e r  angles of a t t ack ,  t h e  nose compression wave leaves  t h e  wing t i p ,  and 

t h e  con ic i ty  of t h e  flow i s  disrupted. 

With t h e  angles of a t t ack  ranging from zero t o  some l i m i t  value, t h e  

When the  angles of a t t a c k  exceed t h e  c r i t i c a l  angle, 

The second streamlining condition, which i s  e s s e n t i a l l y  t h e  same i n  t h e  

case of an e l l i p t i c a l  cone (including a c i r c u l a r  one) and a f la t  d e l t a  wing, i s  

discussed i n  t h i s  study. However, i n  t h e  la t ter  case t h e  l o c a l  supersonic zone 

on t h e  lower wing sur face  i n  t h e  lateral plane i s  cons t r ic ted  t o  one po in t  re- 

present ing  t h e  f r o n t  edge. 
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The entropy on t h e  sur face  of a so l id  body plays an important p a r t  i n  t h e  

I n  t h e  case of e l l i p t i c a l  wings, ca l cu la t ion  of t h e  flow near conical bodies. 

t h e  following p i c tu re  of flow l i n e s  may be expected t o  emerge ( f ig .  1). 

angle of  a t t a c k  t h e r e  are two spreading l i n e s  on t h e  surface of t h e  e l l i p t i c a l  

wing; t hese  are t h e  foremost elements of t h e  cone o r  t h e  f r o n t  edges of t h e  wing 

A t  zero 

( f i g .  la) .  All t h e  flow l i n e s  converge a t  poin t  0 (ref. 4). With t h e  appear- /243 
ance of t h e  angle of a t t a c k  and i t s  increase, t hese  spreading l i n e s  on t h e  sur -  

f ace  of t h e  so l id  body w i l l  s h i f t  toward t h e  symmetry plane. The speed of t h a t  

displacement i s  l a r g e l y  determined by t h e  e c c e n t r i c i t y  of t h e  e l l i p t i c a l  t r a n s -  

verse c ross  section: t h e  smaller t h e  sec t ion ,  t h e  faster t h e  spreading l i n e s  

w i l l  merge i n t o  a s i n g l e  l i n e  00' i n  t he  symmetry plane on t h e  windward s ide  of 

0' 

0' 
a 

0' 
6.  - 

8 

Figure 1 
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t h e  wing ( f i g .  l b ) .  

t h e  case of a f la t  d e l t a  wing ( f ig .  IC). 

A similar flow-line p i c tu re  W i l l  probably take  place i n  

Consequently, t h e  d e f i n i t i o n  of t he  entropy on a wing sur face  i s  an a 

p r i o r i  imposs ib i l i ty .  

remains a free parameter t o  be selected i n  t h e  process o f  so lu t ion ,  as w a s  i n d i -  

cated i n  ref. 1. 

The value of the  entropy on t h e  sur face  of  a s o l i d  body 

Taking i n t o  account t h e  flow i n  t h e  t ransverse  sec t ion  of t h e  wing which 

i s  schematically out l ined  i n  f i g .  l b  and IC, it i s  poss ib le  t o  raise t h e  prob- 

l e m  of def in ing  t h e  flow i n  t h e  influence zone near t h e  lower sur face  of t h e  

e l l i p t i c a l  o r  f l a t  d e l t a  wing. 

The so lu t ion  of t h i s  problem by t h e  method of i n t e g r a l  r e l a t i o n s  ( i n  t h e  

f i r s t  approximation) revealed t h a t  t h e  number of unknown parameters i s  equal  

t o  t h e  number of t h e  s ingu la r  po in ts  of t h e  approximating system of ord inary  

d i f f e r e n t i a l  equations. 

t o  t h e  problem. 

This has made it poss ib le  t o  f i n d  t h e  unique so lu t ion  

2. The problem i s  solved i n  a continuous sphe r i ca l  system of coordinates 

The length  of t h e  wing i s  assumed t o  be i n f i n i t e ,  and t h e  r, +, 8 ( f i g .  2) .  

angle of a t t a c k  a and t h e  ve loc i ty  of t h e  inc iden t  flow (or M, number) are 

such that t h e  compression wave i s  attached t o  t h e  t o p  of t h e  wing. 

angle + changes from + = 0 i n  t h e  symmetry plane t o  Jr = Jrmax, and i n  t h e  case 

of a f l a t  d e l t a  wing, t h e  I#- angle corresponds t o  the  f r o n t  edge. 

The azimuth 

With 

r =  1.4, gas i s  considered idea l ,  inv isc id ,  and thermally nonconductive. 
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Figure 2 

The system of equations describing a conic flow may be recorded as 

follows : 
- a (P + pu')sin 0 + ag a (PW) = ( p  + p d )  esse - 3 ptta sine, 
a a 

ag (pmsin 0) + - ( p  + pw3) = - p (mcos-e j -  3 uw sin e), 

where u, v and w are t h e  elements of ve loc i ty  V modulus i n  t h e  d i r e c t i o n  of 

r, 8 ,  Jr,  which are a t t r i b u t e d  t o  c r i t i c a l  ve loc i ty  a c r , p i s  t h e  dens i ty  a t t r i b -  

u ted  t o  t h e  dens i ty  of t h e  inc iden t  flow pa , p i s  t h e  pressure a t t r i b u t e d  t o  

P -  a c r ,  

along t h e  flow l i n e  = const. 

V2 = u 2 2  + v + w2, Q (€ )  i s  t h e  entropy function, and t h e  constant 

The boundary conditions on the  compression wave, whose equation i s  

= ( J r ) ,  can be represented as follows: 
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where t g  f3 = ( l / s i n  61) (del/d$). 

p res  s ion  wave. ) 

(Index 1 i n d i c a t e s  t h e  magnitudes on t h e  com- 

The boundary condition on t h e  wing sur face  eo = Go (I#) represents  t h e  f o l -  

lowing nonflow condition: 

f+&-  n :-a=--&-- LL- ---- ._-_ 
i b L l c  u LlIUCh Allulc;at,ca ut: v a ~ u e a  of tiit: rmguituires on t'ne s o l i d  surfacej.  

concrete form of func t ion  Mo ( 9 )  depends, of course, on t h e  form of t h e  wing's 

c ross  sec t ion .  

Tne 

For a f l a t  d e l t a  wing, 

IM, ilp) = cos 8, igq. 

The form of func t ion  Mo ($) f o r  an e l l i p t i c a l  wing i s  considerably more 

complicated, and i s  not  shown here. 

3. The t r a n s i t i o n  t o  i n t e g r a l  r e l a t i o n s  i s  made by i n t e g r a t i n g  t h e  f i r s t  

t h r e e  equations (1) by 8 across t h e  shock l a y e r  from body eo ($) t o  compression 

wave el (I#). 

t e m  of ordinary d i f f e r e n t i a l  equations, which i s  i d e n t i c a l  wi th  system (2.5) 

A l i n e a r  approximation of integrands produces the following sys- 
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( t h e  func t ions  included i n  t h i s  system are cumbrously expressed by t h e i r  own 

arguments and are not c i t ed  here). 

The problem can now be solved by i n t e g r a t i n g  system (3) a t  t h e  value p 4 5  

i n t e r v a l  of independent var iable  $ which begins from t h e  symmetry plane ($ = 0) 

where 

The two unknown parameters of the problem are el(0) and u (0). The values 0 

of these  parameters are se lec ted  by the only method of f u l f i l l i n g  c e r t a i n  con- 

d i t i o n s  a t  t h e  s ingu la r  po in ts  of t h e  approximating system (3). 

One s ingular  point of t h e  approximating system i s  d e f i n i t e :  t h e  poin t  i n  

which t h e  ve loc i ty  of t h e  t ransverse  flow i s  equal t o  t h e  l o c a l  speed of sound. 

I n  t h e  case of an e l l i p t i c a l  d e l t a  wing, t h e  so lu t ion  m u s t  continuously pass 

through t h a t  point,  i .e.,  t h e  numerator of t h e  las t  equation of system (3 )  must 

a l s o  be reduced t o  zero a t  that point. The condition required i n  t h e  case of a 

f l a t  d e l t a  wing i s  t h a t  t h e  ve loc i ty  of t h e  t r ansve r se  flow equal t h e  l o c a l  

speed of sound on t h e  f r o n t  edge of  the wing. 

The o the r  s ingular  po in ts  of t h e  approximating system may be t h e  po in t s  i n  

which t h e  denominator of t h e  f i r s t  equation of system (3) equals zero. 

found t h a t  i n  a l l  t h e  examined a l t e r n a t e  versions of t h e  problem, system (3) had 

only one such s ingu la r  point.  

It was  

The fu l f i l lmen t  of t h e  continuous so lu t ion  
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condition a t  t h a t  s ingu la r  point,  together with t h e  condition a t  t h e  sonic  s in -  

gu la r  point,  made poss ib le  a unique d e f i n i t i o n  of both unknown parameters and 

a unique so lu t ion .  The se l ec t ion  of t h e  values of t h e  entropy func t ions  on t h e  

wing sur face  was  made a t  t h e  same time. 

4. The most c h a r a c t e r i s t i c  feature of t h e  flow on a d e l t a  wing sur face  i s  

t h e  u s u a l  presence of two spreading l i n e s  of flow. The results of t h e  ca lcu la-  

t i o n s  of  two f l a t  d e l t a  wings with f u l l  angles a t  t h e  apex equaling 33O and 3k0, 

wi th  M = 6 and angle of a t t a c k  30°, are shown i n  f i g s .  3 and 4. Figure 3 shows 

t h e  pos i t i on  of t h e  compression waves near t h e  lower wing surfaces,  and t h e  A'A 

and x18 zero l i n e s  of flow constructed by t h e  approximate i n t e g r a t i o n  of t h e  

f low- l ine  equations 

A decrease of t h e  wing angle at  t h e  apex results i n  a s h i f t  of t h e  spread- /246 

ing  l i n e s  toward the  symmetry plane, and a simultaneous diminution of  t h e  veloc- 

i t y  and pressure grad ien ts  i n  t h e i r  v i c in i ty .  

radial ve loc i ty ,  pressure and dens i ty  on t h e  median p a r t  of t h e  wing i s  a l s o  

c h a r a c t e r i s t i c  of a f la t  d e l t a  wing. 

The p r a c t i c a l  constancy of t h e  

Figure 3 
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Q. 

Figure 4 

The r e s u l t s  obtained may be used for t h e  study of hea t  t r a n s f e r  on d e l t a  

wing sur faces  a t  wider angles of a t tack ,  now a matter of g r e a t  p r a c t i c a l  

i n t e r e s t .  

Submitted Sept. 2, 1963. 
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